Merging event horizons of the binary black holes will be investigated. Though recent development of the numerical study of the binary black hole coalescence has shown that their apparent horizons can orbit for many periods in the case of appropriate initial conditions, the apparent horizons only suggests the existence of an event horizon surrounding them. In the present article, we discuss how many periods their event horizons orbit before their coalescence. One finds that they soon merge into one and the black holes cannot orbit for a half period, though the apparent horizons can. We will realize that, after the merging, the event horizon rotates including the apparent horizons inside.
Introduction
Recently interest in the black hole binary increases as the experiment to detect gravitational wave progresses, since that is a majour candidate of gravitational wave source. Moreover numerical studies of the binary black hole coalescence advances so that it predicts the time profile of the gravitational radiation. In addition to that, the formation of the black hole is an important matter in itself. Usually in numerical simulation, it is examined by determining an apparent horizon. Then, some authors have made sure that two apparent horizons can orbit around each other in a case of the binary black hole coalescence [1] [2] .
It is well known that the apparent horizon indicates, under reasonable assumptions, that there is an event horizon surrounding it. When two apparent horizons appear on a spatial hypersurface, however, we can also conclude the existence of only one event horizon at the spatial hypersurface. On the other hand, in some studies of the topology of the event horizon in early stage of the black hole formation, it is insisted that the event horizon soon settles to a single sphere [5] [4] . Then one may suspect that there does not remain sufficient time for the two black holes to orbit around each other. The purpose of the present article is to investigate how long the situation, in which two disconnected event horizons (black holes) are orbitting, can continue.
In mathematical study of the black hole and the event horizon [3] , the fact that black hole is a future set and its event horizon is an achronal boundary, deduces the important feature of the event horizon, i.e. the event horizon is generated by null geodesics. Furthermore the crease set [6] [4] (the set of endpoints of null generators of an event horizon) is an acausal set, which is related to the topology of the event horizon [7] [8] [4] . Based on that, we will develop following intuitive discussion of orbitting binary black holes, while the topology of the black hole (e.g., the number of the black holes) is not independent of the timeslicing of the crease set.
Suppose that two black holes are on a circular orbit with a radius R. Since the crease set is acausal [8] [4], the black holes will coalesce within ∆t = R/c. During that, the black hole orbits no more than a unit radian of the circular orbit since the black hole runs at most c∆t = R even in the speed of light c. Then we expect there is any upper bound of a rotation angle of the binary black holes before their coalescence.
In the present article, we assert the existence of the upper bound and demonstrate a half period theorem that binary black holes cannot orbit for a half period in terms of their event horizons, with the assumption of the reflection symmetry with respect to the orbital surface. On the other hand, there is a common picture of binary black holes system that black holes orbits around each other for many periods in quasi-stationary phase. The interpretation of the apparent contradiction between this common picture and our half period theorem will be given later.
In the next section we prepare several definition of geometrical concepts for the invesigation of the half period theorem for the binary black holes. The theorem is demonstrated in the third section. We discuss the interpretation of the theorem in the fourth section. The last section is devoted to the summary of the present article.
preparation
First of all, we have to consider the amount of orbital rotation of the binary black holes. This will be determined by introducing a global angular coordinate function. However, it is in general difficult due to the lack of the standard coordinate system.
For this reason, we give up considering one radian to be an upper bound of orbital rotation angle, and attempt to put a mark corresponding to a half period in order to check orbitting of black holes. We ought to be able at least to discuss a half period by introducing a 'straight' curve passing the antipodal point, even without the angular coordinate.
Nevertheless, each black hole does not always pass the opposite side of the straight curve in general cases. For simplicity in the present work, we assume reflection symmetry such that the plane of symmetry, which we call the orbital surface, intersects binary black holes. With the reflection symmetry, it would be enough to discuss the motion of the object only on the orbital surface.
We define a light ray opposite as the mark of a half of the orbital period. Suppose a spacetime (M, g) is globally hyperbolic. Then, (M, g) admits timeslicing Σ(t) and there is a time-like vector field T without zero points. Let us consider a cylindrical region U generated by the vector field T with a timelike side-boundary B U . Then the time vector field T : (U, g) → R 4 , T, dt = 1 determines a T -projection π t : U → U ∩ Σ(t) of the closed subset U into each timeslice Σ(t) along the integrated curve of T .
Definition 1 (time coordinate with the origin). Let (M, g) be a globally hyperbolic space-time. It admits a timeslicing Σ(t), t ∈ [t i , t f ], and a future directed timelike vector field T such that T, dt = 1 holds. Let U ⊂ Σ(t) be a compact subset of Σ(t) for some fixed t, (t i < t < t f ) and U be the closed subset of M generated by T such that U ∩ Σ(t) = U holds. Let B U be the closed subset of ∂U, which is the product set ∂U × [t i , t f ] generated by T , and let o(t) be the integral curve of T which pass through the interior point o of U .
For a closed subset (U, g) of a globally hyperbolic spacetime (M, g), its time coordinate with the origin is defined as the 4-tuple (Σ(t), U, T, o(t)).
Then the light ray opposite (abbreviated to LRO) is defined as the opposite side beyond the origin o(t) in terms of a null generator of a future set.
Definition 2 (light ray opposite). Let (M, g) be a globally hyperbolic spacetime and (Σ(t), U, T, o(t)) its time coordinate with the origin. For a point p on
2 by the natural projection π t2 : U → Σ(t 2 ) defined by T , as a curve on Σ(t 2 ) starting from its origin o(t 2 ), that is,
Unlike the null generator of the event horizon, γ(t) might have a furure endpoint at caustics [9] . Then the LRO might also have an endpoint in U besides o(t 2 ). We will treat that at the end of the next section. Now we will geometrically define a half of the orbital period in terms of the LRO on the orbital surface.
Next, we prepare the system of binary black holes to coalesce after a while. The following argument depend only on the causal property that the black hole region is a future set and that the event horizon is its achronal boundary.
Definition 3 (binary black hole coalescence system). Let (M, g) be a globally hyperbolic black hole spacetime and (Σ(t), U, T, o(t)) its time coordinate with origin. A binary black hole coalescence system (H, Σ(t)) is a couple of an achronal boundary H (event horizon
3 ) of a future set B (black hole region) and a time slicing Σ(t), t ∈ [t i , t f ], such that there is a coalescence time t ′ ∈ (t i , t f ) decomposing H into a pre-coalescence part H pr = H ∩ {Σ(t)|t i ≤ t < t ′ } ∩ U ⊂ U, which has a pair of connected components, and a post-coalescene part H po = H ∩ {Σ(t)|t ′ < t ≤ t f } ∩ U ⊂ U, which is connected, by the spatial hypersurface Σ(t ′ ).
Remark :In the rest of the present work, we will discuss the case of two spherical black hole coalesce during a time interval concerned. Then we will concentrate on the situation,
With the reflection symmetry with respect to the orbital surface O t ⊂ Σ(t), we will concentrate on the section of the event horizon on the orbital surface,
In this case we easily see that H pr cannot intersect B U while H po can intersect it.
Of course, it should be noted that the concept of the coalescence is not independent of the timeslicing. In a different timeslicing the black hole coalescence system could be regarded as the formation of a single black hole [4] [10] .
We want to formulate the half cycle of the binary black hole system in such a way that a black hole go around a half cycle by saying that all the infinitesimal area elements of the black hole go around a half. For this purpose, we need to determine each orbit of the points staying on the black hole. At first sight, the null geodesic generators of the event horizon seems to naturally determine each orbit. However, this way of determination of the orbits is not appropriate, for in the binary black hole system, new null geodesic generators emerges incessantly. Instead, we consider arbitrarily chosen one parameter family of homeomorphisms, φ t : S 2 → S 2 , which determins the correspondence between the spherical black hole at the reference time t i and that at the time t.
This one parameter family of homeomorphisms, φ t , naturally determines the motion of the infinitesimal area element of the spherical black hole. Note that each orbit determined by φ t necessarily exceeds or equals the speed of light, for it lies on the null hypersurface.
Definition 4 (a half period of binary black holes in an orbital surface). Consider a binary black hole coalescence system with reflection symmetry with respect to the orbital surface O t ⊂ Σ(t) for t ∈ (t i , f f ). Let the pre-coalescence part H pr consist of disconnected sum, H pr = H a ⊔ H b . For a time coordinate with the origin, we say a half period of binary black holes has elapsed between t 1 and t 2 ∈ (t 1 , t ′ ), if H a and H b satisfy 1. On Σ(t 1 ), there are two spherical black holes, i.e.,
2. Between t 1 and t ′ , the motion of the event horizons on O t , t ∈ (t 1 , t ′ ) are given by a pair of oneparameter families of homeomorphism, φ
3. All the orbits on H pr crosses their own LRO between t 1 and t 2 , that is
only once 4 .
4. The ends of the LROs which are opposite to o(t) do not contained in B from t 1 to t 2 .
Whether the half period have elapsed or not, depends on the choice of the correspondences {φ 
The half piriod theorem
Now we show that there is an upper bound of the period of black hole binary. Firstly, we see that two black holes are causally separated. Proposition 1. Let B be the black hole region in the binary black hole system, and let U pr be the part of U before the coalescence time defined by U pr = U ∩ {Σ(t)|t < t ′ }, so that the black hole region B ∩ U pr is composed of two black hole regions
Proof. Since the black hole region is a future set,
The Prop. 1 reflects the fact that the crease set is an acausal subset of H. It also follows from the proposition that the black hole region, B, is a future set.
Cosequently, we easily see the following corollary.
Corollary 1. A timelike curve o(t) does not intersect both with
Then the LRO of a point p, will not belong to the causal future of p itself. Lemma 1. For any pair of points, p a ∈ B a , p b ∈ B b , either of the following statements holds.
The LRO of p a is not contained in
Proof. It follows from the Cor. 1 that, for p a ∈ B a and p b ∈ B b , o(t) does not intersect both with J + (p a ) ∩ U pr and with J + (p b ) ∩ U pr . Assume J + (p a ) ∩ U pr does not intersect o(t). Let the LRO λ(p a , t 2 ) have an intersection with J + (p a ) ∩ U pr , then λ(p a , t 2 ) starts from o(t 2 ) and extends to the point q on ∂J + (p a ) ∩ U pr . It follows from the definition of the LRO that q is on the past directed timelike curve generated by T starting from the point p on ∂J + (p a ). By slightly deforming the causal curve from p a to p obtained by joining the null geodesic generator from p a to q and the timelike curve from q to p, one can construct the timelike curve from p a to p. It follows that there is an open neibourhood U of p, such that U is contained in the chronological future, I
+ (p a ), of p a . This contradicts the fact that the neighbourhood U of the boundary point p of J + (p a ) necessarily contains an exterior point of J + (p a ). Now we will conclude the theorem of a first version.
Theorem 1 (half period theorem). Before a half period of the binary coalescence system elapses, its two black holes merge and become a single black hole.
Proof. We show that there is at least a point p a on the black hole horizon H a (t 1 ) = ∂B a ∩ Σ(t 1 ) at the initial time t = t 1 , such that the LRO λ(p a , t a ), t a ∈ (t 1 , t 2 ) of p a intersects with J + (p a ) ∩ U pr when the half period of binary coalescence system elapses at t = t 2 . Similary, there is a point p b ∈ H b (t 1 ), such that λ(p b , t b ), t b ∈ (t 1 , t 2 ) intersects with J + (p b ) ∩ U pr . If a half period of the binary coalescence system has elapsed between t 1 and t 2 (> t 1 ), all the orbits φ whose LRO intersects all the orbits on H i at t ∈ (t 1 , t 2 ) for an arbitrary choice of φ i t . Similarly from the continuity of φ i t and λ(t, p) for t, the null generator of H emanating from p i intersects its own LRO since the null generator reaches to
Then, that is impossible for t 2 < t ′ , is the immediate consequence of the Lemma 1.
Here we are careful of the relevance of the present theorem. Sometimes, the LRO might not be sufficient to check the motion of the black holes. As mentioned in the previous section, the LRO might have an endpoint except for o(t 2 ) because of the caustics of γ(t). Furthermore, if the free fall time ∼ R 3 /M is not sufficiently longer than the separation of the binary black holes, (i.e., the separation R is not larger than the Schwarzschild radius 2M ) there cannot be enough region U po to define the sufficiently long LRO since we cannot continue a sufficiently long future directed null generator in the definition of the LRO. To avoid the cases, however, we would consider the another definition of the light ray opposite in a covariant way. This modification of the LRO is not far more complicated than the original LRO. Its advantage is that the modified LRO runs to the boundary of U from the origin o(t).
Definition 5 (modified LRO). Let (M, g) be a globally hyperbolic spacetime and (Σ(t), U, T, o(t)) its time coordinate with the origin. For p ∈ Σ(t 1 ) ∩ U, if there is an intersection between ∂J + (p) and o(t), it is on a null generator γ (0) (t) of ∂J + (p) emanating from p and crossing o(t) at t c ∈ (
When there is no such an intersection between ∂J + (p) and o(t), and γ (0) (t), a replacementγ (0) (t) is given by the null generator of ∂J
If γ (0) (t) orγ (0) (t) reaches to Σ(t f ) ∩ U not to B U or has a future endpoint inside U, the extension
where γ (1) is null generator of ∂J + (π t (1) (p)) emanating from π t (1) (p) and passing π t2 (γ (0) (t f )). Recursively we repeat this scheme till γ (i) and λ (i) reach to B U , and have a modified LRO λ(p, t 2 ) by i=0 λ (i) which is a connected broken line on Σ(t 2 ).
Remark :Even if we maximally extends U into the past, λ (0) might not exist or λ (∞) could not reach to B U . As such a situation indicating the existence of particle horizon, is affected by cosmic expansion, we would exclude the case from the binary black hole coalescence systems.
Running from o(t) to B U , the modified LRO λ(p, t 2 ) is useful to count how many periods the binary black holes rotate since the black holes move within U before their coalescence, in the present framework. Though it does not strictly indicate a half period of the binary rotation, the black hole in U must cross the modified LRO once for one cycle of the rotation.
Reconsidering the definition of the half period of the binary black hole with the modified LRO, the modified version of the half period theorem will be given. For the modified version of the half period theorem, a lemma similar to the Lemma 1 is required, which forbids the modified LRO of p belongs to the causal future of p itself. Since we define each part of the modified LRO by considering the null generator of the future light cone which is on the past of the original light cone ∂J + (p), the parts of the modified LRO also will not able to belong to J + (p). For the modified LRO, there also is a lemma to support a theorem.
Lemma 2. For p a or p b , its modified LRO is not contained in J + (p) ∩ U pr .
Proof. From the construction,
The Lemma 1 (and 2) states that the LRO (and the modified LRO) of a point p, will not belong to the causal future of p itself and is essential for restricting the binary rotation by the LRO. The half period theorem have been proved by showing the definition of a half period contradicts the Lemma 1. Then, substituting of the LRO by the modified LRO in the theorem, a modified version of the theorem is given by the Lemma 2. That forbids the binary black holes to go beyond the modified LRO, since the modified LRO reaches to B U for certain timelike curve o(t) which is appropriate at t < t 1 so that J + (O(t)) include sufficiently large spacetime region. Though the modified LRO has some joints and is bent, the black hole cannot rotate crossing the modified LRO.
interpretation and discussion
Though in the previous section the rotations of the binary black holes are restricted by their LRO, one may suspect that the LRO is neither straight curve with respect to the asymptotic observer nor the appropriate mark of a half way round. Here we emphasise that we do not expect that the theorem gives the marginal bound of the orbital rotation angle. The theorem with sufficiently long LRO (or modified LRO) rather implies the binary black holes orbit for no more than several orbital period before their coalescence even if the LRO is obviously bent.
It have already been told by the numerical studies [1] [2] that two disconnected apparent horizons of the black holes orbit for a long term and many periods for an appropriate initial conditions. This is not puzzling us since it is possible that there are two apparent horizons within a single event horizon. Illustrating the event horizon in a coordinate system with everywhere timelike time-coordinate vector field, region of the black hole which is a future set is never lost. Then from the orbitting apparent horizons of the black holes and their destinied coslescence, we speculate the formation of a rotating black hole in a shape of a bar or a disk containing the whole orbit of the two apparent horizons.
One might be concerned about the gravitational wave possibly radiated by the rotating bar-or disklike black hole. Since it had been investigated that the picture of orbitting two black holes well expresses the gravitational wave from the binary coalescence black hole system [2] we are interested in whether the gravitational radiation is entirely independent of the topology of event horizon or expressed also by the rotating bar-or disk-like event horizon.
Anyway, as we know the event horizon indicates a large amount of red shift, we hope the present theorem tells any astrophysical implication. Especially, the relation between the period incorporated into the theorem and the period determined by the gravitational radiation would be important and should be clarified in the future.
